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Abstract

We consider the problem of estimating the evolutionary history of a set of species
(phylogeny or species tree) from several genes. It is known that the evolutionary
history of individual genes (gene trees) might be topologically distinct from each other
and from the underlying species tree, possibly confounding phylogenetic analysis. A
further complication in practice is that one has to estimate gene trees from molecular
sequences of finite length. We provide the first full data-requirement analysis of a
species tree reconstruction method that takes into account estimation errors at the
gene level. Under that criterion, we also devise a novel reconstruction algorithm that

provably improves over all previous methods in a regime of interest.
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1 INTRODUCTION

We consider the problem of estimating the common evolutionary history, more

precisely the species tree, of a set of n species using sequence data from multiple
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genes or loci. It is well known that the estimated genealogical history of a gene
(gene tree) may be topologically distinct from the species tree that encapsulates
it, possibly confounding phylogenetic analysis [1]. The subject of this paper
is an important source of such gene tree incongruence, known as incomplete
lineage sorting (ILS), where two lineages fail to coalesce in their most recent
common ancestral population. That failure may lead one of the lineages to first
coalesce with a more distantly related population thereby producing a gene
tree whose topology differs from the species tree that we are trying to estimate.
Several species tree reconstruction methods have recently been developed that
address ILS. See for instance [2], [3] and references therein. Many such methods
rely on a statistical model known as the multispecies coalescent which, roughly
speaking, generates gene trees by performing independent coalescent processes
in each ancestral population and then assembling these together. This process is
illustrated in Figure 1 below and explained in a little more detail in Section 2.2.
For more background on phylogenetic inference and coalescent theory see,
e.g., [4], [5], [6].

The accuracy of multiloci reconstruction methods has been evaluated em-
pirically, for instance, in [7], [8]. The focus of this paper is the mathematical
characterization of the performance of such methods. Prior theoretical work has
focused mainly on statistical consistency under the multispecies coalescent; see
e.g., [8], [9], [10], [11]. That is, assuming access to either correct gene trees
or correct pairwise distances (or coalescence times) for each gene, a method
is statistically consistent if it is guaranteed to converge on the correct species
tree as the number of genes, m, tends to infinity. [12] studies the rates of
convergence (in m) for several such methods. For instance, letting f > 0 denote
the smallest branch length in the species tree, in the limit f — 0, it was shown
that the GLASS algorithm [10], which is an agglomerative clustering method in
which the dissimilarity between each pair of species is taken to be the minimum
of the coalescent times among the m genes, needs the number of genes m

to scale as f~!. On the other hand, m needs to scale as f~2 for the STEAC
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algorithm [8], which is also an agglomerative clustering method which instead
uses the average of the coalescent times across the m genes as the measure of
dissimilarity. In reality, however, one has to estimate gene trees and coalescent
times from finite, say, length-k molecular sequences. Taking into account the
resulting estimation errors at the gene level is key to mathematically quantify
and compare the performance of different methods (see e.g., [13], [14], [15]).
Intuitively, for instance, the “minimum” used in GLASS may be significantly
more sensitive to estimation errors than the “average” used in STEAC. We
make progress towards this goal by performing the first full data requirement
analysis of some species tree reconstruction methods.

Our contribution is two-fold. First it is known that, in order to reconstruct
a single gene tree correctly with high probability, it is both necessary [16] and
sufficient [17] for the sequence length k to scale as f~2. Therefore, in light of
this and the results in [12], one might expect that the total amount of data
required, mk, must scale as f~® and f~* for GLASS and STEAC respectively.
We show that, by a crucial modification of STEAC, one obtains an algorithm
that is guaranteed to reconstruct the species tree exactly with high probability
as long as m scales like f~2 and k > 1. In particular, it suffices for the overall
sample complexity, mk, to scale like f~2 (which is much smaller than f~3
and f~* in the regime of interest, where f < 1). Secondly, unlike GLASS,
STEAC only works under the restrictive molecular clock assumption [6], where
the mutation rates and population sizes are constant across the populations
represented by the branches of the species tree. We extend the previous data
requirement result beyond the molecular clock by devising a novel STEAC-like
species tree reconstruction algorithm which we call METAL (Metric algorithm
for Estimation of Trees based on Aggregation of Loci). This algorithm is a
distance based method where the distances are defined by concatenating the

molecular sequences corresponding to all the loci (genes).
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2 PRELIMINARIES AND NOTATION

We will begin with a description of our modeling assumptions and introduce

some notation that will be used throughout the paper.

2.1 The Species Tree

At the heart of the model is an unknown species tree S = (V, E') which represents
the evolutionary history of n isolated populations; these isolated populations
are represented by the size n leaf set L of this tree. The goal is to learn the
structure of S. We assume that each branch e € E of the species tree corresponds
to ¢, generations of evolution and we assume that each generation in this branch
has a population of size N.. As is standard in coalescent theory, we will assign
each branch e € E, a length 7. > 0 in coalescent time units defined as 7. 2 t./N..
The smallest branch length, f £ min,. 7, will play an important role in our
analysis and in particular, we will be interested in the case where f is very
small. For a pair of vertices X,Y € V, we will use 7%, C F to denote the
unique path connecting X and Y in S and 7xy will denote the length of this
path. Notice that {74p}a per forms a metric on the set L and such a metric
that can be written as a sum of path lengths on a tree is called an additive
metric (see e.g., [6]) with respect to that tree. If we additionally assume that the
population sizes in each branch are equal to some constant NV, then {745} per
forms an ultrametric with respect to S, i.e., for any three leaves A, B,C such

that S restricted to A, B, C has the topology ((A, B),C)*, we have that

TaB < Tac = TBC-

We will let A £ max 4 per, Tap denote the diameter of the species tree. Finally,

To each branch e € E, we will also associate a mutation rate, i, and we will let

*. We will sometimes find it useful to represent trees in the so called Newick Format. For instance, the
Newick representations of the trees labelled Gene 1 and Gene 2 in Figure 1 are ((4, B),C) and (4, (B, (C)),

respectively.
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Fig. 1: A species tree (the thick, shaded tree) and two samples from the
multispecies coalescent. Notice that while the topology of Gene 1 agrees with

the species tree, the topology of Gene 2 does not.

pr = mineg . and pupy £ maxecg 1. denote the smallest and largest mutation

rates, respectively.

2.2 The Multispecies Coalescent and the Gene Trees

Following [18], we assume that a multispecies coalescent (MSC) process produces
m (independent) random genealogies G, G ... G™ based on S. These en-
code, say, the evolutionary history of m different genes or loci on the genome
and will be referred to as gene trees henceforth.

It is easier to understand the MSC constructively and in the case where
the population size N, in each branch e € E is a constant N. Consider the
3 species example of Figure 1, where the thick, shaded tree is the species tree
S with edges {e;}?_,. As is standard in coalescent theory, we will think of
time as running backwards, that is, time (in coalescent time units) starts at 0
at the leaves and increases towards the root of the tree. By Tsp (resp. Tapc),
we mean the time when the parent population of A and B (resp. the parent

population of A, B, and (') branch (or speciate). Let us first consider one random
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draw from the MSC, i.e., the case of one particular gene, Gene 1. A, B, and C
each have a copy (or allele) of Gene 1 and the MSC describes the evolutionary
history of the lineages corresponding to these alleles. From time 0 until 75,
the lineages corresponding to A and B are in isolated populations and hence
do not “coalesce”. However, once these lineages reach the parent population
of A and B (represented by the branch e4), they have a chance to coalesce.
According to the MSC, the coalescence happens after a random time drawn

according to the Exp(1) distribution, that is,
P {til% —Tup > x} =1—e", x > 0. (1)

Now, the coalesced A-B lineage and the lineage corresponding to C' do not
interact until time 745, which is when they find themselves in a common

population. They then coalesce at a random time t(Al])BC which is again such that

tfjj)gc — Tapc ~ Exp(1l). This gives us a random gene tree with the topology
((A, B), C). To contrast with this, consider the case of Gene 2. Here, the lineages
corresponding to the alleles in A and B do not coalesce in e, (since the randomly
drawn coalescence time was more than the length of e,). So, at time 7'y p¢, there
are three lineages present in the branch e;. When there are multiple lineages in
the same population, according to the MSC, each pair independently coalesces
again after a random time period drawn according to the Exp(1) distribution. In
this case, the genealogies of B and C' alleles coalesce (at time t(BQ)C) before A and
B, thus giving us a second random tree with topology (A4, (B, C)). Notice that
while the genealogy (evolutionary history) of Gene 1 agrees with that of the
species, the genealogy of Gene 2 does not. This is an example of incomplete
lineage sorting which, as mentioned earlier, is a fundamental road block for
learning the tree of life.

We refer the reader to [18] for more details on the multispecies coalescent but,

we will state the model here for the sake of completeness. Before we proceed,

we will record a simple fact about the exponential distribution: If X;,..., X, "
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Exp(1), then min;c .. 3 X; ~ Exp(p). This follows since

P < min X, > t) = ﬁP(XZ- > 1) =e . (2)

ie{1,....,p} i1

The density of the likelihood of a gene tree G = (V(i), £ (i)> can now be written
down as follows. We will focus our attention on the branch e € E of the species
tree and for the gene tree G, let I{!) and O be the number of lineages entering
and leaving the branch e respectively. For instance, consider Gene 1 in Figure 1.
Here, two lineages enter the branch e, and one lineage leaves it. On the other
hand, in the case of Gene 2 in Figure 1, two lineages enter the branch e, and

two lineages leave it. Let t() s = {1, 2,..., 10— 00 + 1} be the s—th coalescent

)

time corresponding to G in the branch e. Recall that each pair of lineages
in a population can coalesce at a random time drawn according to the Exp(1)

distribution independently of each other. Therefore, after the (s—1)-th coalescent
(4)

e,s—1s

event at time ¢ there are I{") — s+ 1 surviving lineages in branch e and the

%
67

likelihood that the s—th coalescence time in branch e is t{*) corresponds to the

Iéi)fs+1
2

Exp(1) has the value t{) —¢{))_|. Therefore using (2), the density of the likelihood

e,s—1°

event that the minimum of ( ) random variables distributed according to

of G can be written as

19-0% 41 ;
e e Ie(l) — 3 + 1 i i
IS A LIRS ®
eck s=1

(%)
e,Iéi)—Oén—‘rl
gence times of the population in e and of its parent population.

where, for convenience, we let t(e% and ¢ be respectively the diver-

2.3 Observation Model and The Inference Problem

Much of the prior work on understanding the theoretical complexity of learning
species trees from multiple loci (or gene trees) has focused on the case where
exact gene trees are available. However, in reality one needs to estimate these
gene trees from molecular sequences and indeed there has been a recent thrust

towards understanding the effect of errors in estimating the gene trees (see e.g.,
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[13], [14], [15]). Our approach will be to take this error into account explicitly
and in fact bypass the reconstruction of gene trees altogether.

We model the sample generation process according to the standard Jukes-
Cantor (JC) model (see e.g., [6]). That is, given a gene tree G = (V, &), we will
associate to each ¢ € £, a probability p: (Whose dependence on the length of
¢ we will make explicit below). Then, the JC model assigns a character from
{A,T,G,C} uniformly at random to the root of G. Moving away from the root,
with probability p;, each edge é changes the state of its ancestor to one of
the other three, chosen uniformly at random. The states at the leaves of G are
assembled into a length n vector to get the first sample; this process is repeated
k times to generate the data set. Notice that £ models the number of sites or
the sequence length of each gene.

Now, we will define p;. To each edge € of the random gene tree G is associated
a random length o; according to the MSC. Also, given an edge e € F of the
species tree, we will write o.; to denote the length of the portion € that overlaps
with e. This lets us define the effective (mutation rate adjusted) branch lengths,
0c = Ycer MeTere- As before, for any two vertices X, Y € V), W)g(y denotes the path
joining X and Y in G and oxy (resp. dxy) denotes the length of this path under
o (resp. under §). Now, for an edge € € &, we define p: = 3(1 — e~3%). Notice
that this definition implies that the probability pxy of disagreement between
the characters at vertices X and Y satisfies, pxy = %(1 — efgéxy).

The goal then, is to learn the structure of S given the data {x“} | which

is an n x m x k array composed of the characters {A, T,G,C}, where {x"},c is

ie[m],jelk

the data generated from the random gene tree G according to the Jukes-Cantor
model.

The Jukes-Cantor model was chosen because it lends itself to easy presenta-
tion. Since the techniques developed here are distance-based, all our results can
be generalized to the more realistic Generalized Time-Reversible (GTR) model

[19] using spectral techniques as in [20], [21].
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3 MAIN RESULTS

We now state the main results of the paper. First, we will deal with the case
where the strong molecular clock [6] assumption holds. We will then turn our

attention to the more general case that does away with this assumption.

3.1 The Molecular Clock Assumption Holds

Assuming that the molecular clock hypothesis holds is often unrealistic; it is
equivalent to believing that all extant and ancestral populations have the same
population size and that the mutations happen at the same rate through time
and across populations. It has however proven to be a useful abstraction for
developing powerful methods. In our setting, this is equivalent to assuming
that for all e € E, pt. = p© > 0, and N. = N, both constants independent of e.
In order to infer the species tree from samples, we will begin by defining a
distance measure on the leaves. For each pair of leaves A, B € L, we define
= > 1 £x), @
ic[m],jelk]
which can be thought of as the normalized hamming distance between the
concatenated molecular sequences corresponding to species A and B. Our first

result, which is proved in Section 5.1, is that, in expectation, {pas} 4 per 18 not

only a metric on L, but is in fact an ultrametric with respect to S.

Theorem 1. {E [pag|} 4 per forms an ultrametric with respect to the true species tree
S. In fact, for any triple A, B,C € L with the topology ((A, B),C) in S, we have
3e~3kTacy

S5t 3 f (5)

E[pac| = E [ppc] > E [pap] +

This result inspires the following procedure for reconstructing S: Use {pap}a er
as a dissimilarity measure for L and use a standard algorithm that accepts a
dissimilarity measure and returns an ultrametric tree (see e.g., [4], [6] for back-
ground on distance based methods). For the sake of simplicity, we may assume

that we use the UPGMA algorithm [22], the standard method for bottom-up



DASARATHY et al.: DATA REQUIREMENT FOR PHYLOGENETIC INFERENCE FROM MULTIPLE LOCI 10

agglomerative clustering, in order to produce an ultrametric tree. Then, recalling
that 1 denotes the (common) mutation rate across the populations represented
by the species tree S, and A denotes diameter of S, we have the following

performance guarantee.

Theorem 2. Given an € > 0, using UPGMA on L with the dissimilarity measure
{PaB}a.per results in the correct tree S being output with probability no less than

1 — € as long as the number of genes m, and the sequence length k satisfy

m > Ci(p, Anye) x f72 and k> 1, (6)

8, n
where Cy(p, A, n,e) = 182 ~(8ut8)? log (8(*’)>

9u? €

Theorem 2, which is proved in Section 5.2, tells us that the above procedure
succeeds with high probability as long as we get molecular sequences of length
at least one from at least O(f~2) genes. That is, a total sequence length of
mk = O(f~?%) suffices for reliable learning.

Notice that the procedure we propose is similar to the STEAC algorithm [8]
except instead of using the average coalescent time as the distance measure,
we use (4), which can be considered as the normalized hamming distance. It
turns out that this modification is crucial to obtaining our improved sample

complexity result.

3.2 The Molecular Clock Assumption Does Not Hold

We will now consider the more general case where the strong molecular clock
assumption does not hold. That is, we will assume that each branch e of the
species tree has a (possibly) distinct mutation rate ;.. and population size N..

First, we observe that {E[pag|}a per as defined above is no longer an ultra-
metric with respect to S and therefore, the above procedure (and for a similar
reason, the STEAC algorithm) cannot be used to recover the species tree. In
such situations, one usually turns to distance methods that rely on the 4-point

condition (see e.g., [6]). However, it is not immediately clear how to define a
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metric that satisfies the 4-point condition in our setting. Our next result, which
is arguably the most important contribution of this paper, shows that this can
be done. As before, we will first consider an idealized measure of dissimilarity
as follows:

3 4
dap =~ log (1 - SE [ﬁAB]) ABel,

where pap is as defined in (4). Our next result, which parallels Theorem 1,
shows that this “idealized” dissimilarity measure is actually an additive metric
with respect to S. Recall that this means that the four point condition holds,
i.e.,, for a quadruple of leaves A, B,C, D that are such that the topology of
S restricted to these 4 leaves is ((A4, B), (C, D)) or (((A, B),C), D), the above
distances satisfy

dap +dep < dac +dpp = dap + dpc-

See [6], for instance, for more information about tree metrics.

Theorem 3. The set of dissimilarities {d g} a per, forms an additive metric with respect
to S. In fact, suppose the leaves A, B,C, D € L are such that either ((A, B),(C, D))
or (((A, B),C), D) holds with respect to S, then

dac +dpp = dap +dpc > dap + dep + Qadd, (7)

where c,qq = 3log (%yL(l —e )+ 1) > 0 and p;, £ mingep p. is the smallest

mutations rate, as defined in Section 2.1.

It is somewhat surprising that this result is true. It tells us that if one ignores
the fact that there are multiple loci and pretends as though all samples came
from a single gene tree, then the gene tree estimated from this “concatenated
molecular sequence” has the same topology as S. Furthermore, this result is
also interesting since phylogenetic mixtures are known to cause problems for
distance-based methods [23]. We prove Theorem 3 in Section 5.3.

In light of this, we propose the following algorithm to reconstruct S. First,

we define the following sample-based corrected measure of dissimilarity (with
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pap as defined in (4))
dap = —i log (1 - ;1@13) : (8)
Now, use any quartet-test based algorithm (like Neighbor Joining [24]) which
returns an additive tree using {EAB} a,Ber, defined as in (8) as the input dis-
similarity measure. We call this algorithm METAL (for Metric algorithm for
Estimation of Trees based on Aggregation of Loci).
Recall that p;; and g, are respectively the maximum and minimum mutation
rates, and A is the diameter of the species tree S (c.f. Section 2.1). We then have

the following result.

Theorem 4. For any ¢ > 0, METAL succeeds in reconstructing (the unrooted version

of) S with probability at least 1 — € as long as m and k satisfy

s (8w + 3)%(24 + 8raqq)? log (16@)
€

k> land m > € 5
16202,

©)

where oiyqq = %log (%pL(l —e )+ 1).
In the limit as f — 0, the right side above approaches

8urrA n
8% (8w +3)° (16(3))

o2 €

CQ(,LLU,,UL,A,”,G) X f727 where CQ(,uUnuLaA?n76) =

Remark. Following [17], the diameter A can be replaced by the (often much
smaller) depth' of the tree by employing a distance method that uses only those

distances that are “small enough”.

We prove Theorem 4 using arguments that are similar in spirit to those in
the proof of Theorem 2. We refer the reader to Section 5.4 for the exact details.
Theorem 4 tells us that as long as m scales like O(f~2) and k > 1, the species
tree can be reconstructed (upto the location of the root) reliably. It should be

noted here that we assume that for each population/branch e € F, the mutation

1. The depth of an edge e is the length (under 7) of the shortest path between two leaves crossing e;

the depth of a tree is the maximum edge depth.
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rate yi. is constant across gene trees; generalizing this analysis to the case where
the mutation rates are allowed to change is an interesting avenue for future

work.

4 DISCUSSION

Irrespective of the sequence length k of each gene, the number of genes m
required needs to satisfy m € Q(f~!) for consistent species tree estimation. To
see this, consider the species tree in Figure 1. Given m gene trees drawn ac-
cording to the MSC based on this species tree, the probability that none of them
have a coalescent event in branch e, is given by e« (this is the probability
that m independent exponentials are bigger than 7.,). Therefore, if m < 7'6_41,

then with probability greater than e™!

, none of the m the gene trees have a
coalescence event in e4, that is, there is no evidence for the existence of this
branch from the sample. This argument can also be formalized by observing that
any algorithm that is able to estimate S reliably should be able to perform a re-
liable hypothesis test between two shifted exponential distributions. Therefore,
this result follows from the fact that Dk, (p(z;7a5 + f)||p(z;7a5)) = f, where
p(r;a) = e~ @91 {x > a} and Dk, (+||-) is the Kullback-Liebler divergence [25].

On the other hand, we know from [16] that even without the confounding
effect of the multispecies coalescent, a total sequence length (m x k) of at least
Q(f7?) is needed for consistent estimation. These two together imply that there

is a constant C' > 0 such that m needs to satisfy the following for consistent

estimation of the species tree

mZCmaX{fl,f:}. (10)

As mentioned earlier, the results in this paper show that m € O(f7?) is
achievable irrespective of the value of £, i.e., in particular, a total data set size
of mk € O(f~?%) is achievable. Prior to this, to the best of our knowledge, the
best complexity bounds were provably attained by GLASS [10] (as shown in
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[12]) which requires that m > O(f~!) and k > O(f~?), i.e., a total data set size
of mk € O(f7?).

This raises two very interesting open questions. (A) What is the precise
tradeoff between m and £ for reliable recovery of S and in particular, is it
possible to devise an algorithm that recovers S given m € o(f~?) when the
sequence length, k, is moderate, say, O(f~')? (B) Is there a procedure that
attains all points (values of m and k) in this tradeoff, as opposed to the current
situation where it appears as though GLASS meets the lower bounds for large

k and METAL meets the lower bound for small £?

5 PROOFS OF THE MAIN RESULTS

In this section we will prove the main results of the paper.

5.1 Proof of Theorem 1

Recall that for any pair of leaves A, B € L, we define
~ 1 ij ij
PAB = mk Z H{X,Z # XB}- (11)
i€[m],j€[k]
Theorem 1. {E [pap|}a.per’ forms an ultrametric with respect to the true species
tree S. In fact, for any triple A, B, C' € L with the topology ((4, B),C) in S, we

have \
3e3HTaC  f

12
Su+3 (12)

E[pac| = E [ppc] > E [pap] +

Proof: Suppose that A, B, C' € L are three arbitrary leaves of the species tree
with the topology ((A, B), C). By definition, we have that

. 3 4
]E [pAC] = E |:4 (1 — € 36‘40)] ,
where d4¢ is the distance between A and C on a random gene tree drawn

according to the MSC. Notice that it satisfies d4c = prac+2uZ with Z ~ Exp(1).

Therefore, we have

1. Unless otherwise noted, expectations will be with respect all the randomness present.
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E [pac] —E[pas] = —ieg”TACE [e’%“Z} + _ieél”ABE [efguZ}
3 (eféumg _ efgmc>
450+ 1)
3€—§uTAcluf
C(8u+3)
where (a) follows from the fact that if X ~ Exp(1), for any a > 0, E[e™*¥] =

—
S
=

Ve

(a+1)"! and () follows from observing that for any a > 0 and = < y, we have

ez e~y

Y
/ e dt > (y — x)e”
« (07 T

Proceeding similarly, It can be seen that E [pac] = E [ppc]. This concludes the

proof. O

5.2 Proof of Theorem 2

We now prove Theorem 2 which guarantees that S can be reliably recovered
by using a standard distance-based algorithm like UPGMA or bottom-up ag-

glomerative clustering with {pap}a ser as a dissimilarity measure for L.

Theorem 2. Given an € > 0, using UPGMA on L with the dissimilarity measure
{Pap}aper results in the correct tree S being output with probability no less

than 1 — € as long as the number of genes m, and the sequence length £ satisfy

m > Ci(p, A,n,e) x f72 and k> 1, (13)

8, ) n
where Cy(p, A, n,e) = £ ° (8u+3) log (8(3>)_

9u? €
Proof: Recall that the algorithm we propose to recover the tree uses {pap}a per
as a dissimilarity measure and uses an agglomerative clustering algorithm.
Therefore, this procedure errs if for any triple of leaves A, B,C which have

the topology ((A, B),C) with respect to S, either pap > Pac Or Pap > Dpc-
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Letting ( ) denote the set of all unordered triples in L, we can use the union

bound to over-estimate the probability of error with the following:

P U {The triple ((4, B),C) is such that pap > pac or pap > ﬁBCH
(4.B),0)e(%)

< Y. Ppap > pac] +Ppas > bscl - (14)
((4,B).00e(%)

We will now upper bound the term P [pap > pac|, the other term will satisfy the

same upper bound. Defining oy, = 3?g5f3‘§f , for an arbitrary triple ((A, B),C)

we have

P[pag — Pac > 0] =P [pap — E [pas] — Dac + E [pac] > E [pac] — E [pas]]

—

a

< P[pap — E[pas] — Pac + E[pac] > ctum]

. ~ Oym
E [pac] — Pac > 5 | (15)

N

<P ﬁAB—E[ﬁAB]>2]+P

where (a) follows from Theorem 1. Let us first look at the first term in (15).

The second one will follow similarly.

P [ﬁAB - E[pAB] > aum/z]

a R 1 aum
Wg|p (pAB o Z AB +— Z p E [pas] > {5AB ZE[m])]
i€[m)] ze[m]
aum 1 : 3) Gum

i€[m ]

€[m]
(16)
In (@), we condition on {5%3}1-6[,,1], where 51(33, as before, is the random distance
between the leaves A and B on the gene tree G(). We then add and subtract
4

e P, where pl), £ 3 (1 ~3545 > The next inequality follows from a

union bound. The two terms in the above inequality can now be upper bounded
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using Hoeffding’s inequality:

1 Mm k i 1 Mm 0) Cum
%ZZXAB_%;PAB> 1

i=1j=1

E P

{df&}” < e (17)

1 ( o aum —ma?
P (m " Pl —Elpag] > 4> < e mean/16 0 (18)

i1€[m]
These inequalities follow since E [XZB‘dfjH = p(j}g and E [pf&} = E [pag].
Substituting these in (14), we have

P[Error] < Y P[pap > Pac| +P[pas > Pac]
(AB)O)e(Y)

S Z 4 (eiTnkO‘ﬁm/u3 + e*maﬁm/lfi)
(AB)Oe (%)

HENE—

Therefore, the probability of error can be made less than € if we pick m and k

as shown in (6) or (13). O

5.3 Proof of Theorem 3

Recall that we define d4p = —2 log (1 — 3E[pa B]) and Theorem 3, which we will
prove now, tells us that these distances form an additive metric with respect to

S.

Theorem 3. The set of dissimilarities {dap}a per forms an additive metric with
respect to S. In fact, suppose the leaves A, B,C,D € L are such that either
((A,B),(C,D)) or (((A4,B),C), D) holds with respect to S, then

dac +dpp = dap +dpc > dap + dep + aad,
where @44 = 3 log (%/@(1 —e )+ 1) > 0.

Proof: We will first show that for any 4 leaves A, B,C,D € L that are
such that either ((A, B), (C, D)) or (((4, B),C, D)) holds with respect to S, then
dac +dpp > dap + dcp + aaqq. Using similar techniques, we will next establish

that duc + dgp = dap + dcp.
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We begin by observing that by definition,

3 4 3 4_
dac +dpp — dap — dep = —1 log <1 - g]E [ZMC]) 1 log (1 — gE [pBD]>
3 4 3 4
+ 7 log (1 — 5B [pAB]> + 7 1og (1 — 3B [PAB]) (19)
3 E {6*35/43} E [6’3505’}
=] 20
1 og (E {6_%5140} B {6_%6313} ; ( )

where the expectations in the last equation are with respect to the multispecies
coalescent and the ¢’s are the random gene tree distances as defined in Sec-

tion 2.3. E[e*%‘sAB}IE[e’%‘SCD}

E e*%‘SAC}E{E*%‘;BD}

appropriately. Towards this end, we note that for any 4 leaves of the species tree

We will prove this theorem by lower bounding the quantity

A, B,C, D, there are only 2 possible topologies with respect to S upto relabeling:
(@) ((4,B),(C,D))and (b) (((A, B),C), D). We will consider each case separately

and bound the above quantity in what follows.

Case (a): ((A,B),(C,D)) In order to tackle the first case, we will use the no-

tation from Figure 2a below, which shows the species tree S restricted to the
leaves A, B,C, D. Let 01, 0, and 03 be the common ancestors of (A, B), (C, D) and
(A, C) respectively. Let £45 be the event that the lineages corresponding to A
and B coalesce in the segment (o1, 03) of the tree in Figure 2a and let £45 be the
event that this does not occur. Similarly, we define the events £cp and Ecp. To
reduce notational clutter, for w,v € S, we will write ji,, to denote Y .c s ficTe.
Now, for leaves X,Y € L, let Zyy denote the random quantity %(6 Xy — H1xY),
i.e., it is the effective (mutation rate adjusted) coalescent time after the lineages
corresponding to X and Y find themselves in a common population.

By the memoryless property of the exponential distribution, it is easy to check
that Zap — jle,0, conditioned on £4p has the same distribution as Zcp — floye,
conditioned on &-p. Let Z denote be a random variable with this common
distribution. Also observe that Z,- and Zgp have the same distribution as ~Z.

This is depicted diagrammatically in Figure 2a.
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Now, using the fact that by definition, 6,5 = jiup + 2Z45, we have
o T e e 2
= e~ iran (B [e73748| €3] P (Ea) + E [e75%47 €45 P (E45) }
Q) ~tuan (e P (E45) + Moo [=37] B (Eap) )
= ¢ 3 200s) [P (£,5) + E [ 3] P (€45) } . 1)
where (a) follows from the fact that conditioned on £a, Zap < fio,0, and that

conditioned on Eig, Zup % 7 + [ojos- Similarly, we get the following lower

bound corresponding to the leaves C, D.
E [e=#%0p] > ¢~ {tont2uns) (P (g0p) + E [e737] P (€0p) ) 22)

On the other hand, notice that d4c = pac + 2Z4¢ = tac + 27 and épp =
upp +2Zpp & wupp + 2Z. Therefore, we have

- [efgaAC] — e~ 3HACE [6*22} ., and E [67%5313} = ¢ PP [eigz} » (23)
From equations (21) - (23), we have
E[e73%5] E[eter]
X
E [e=30c] © E[em3%0]
e 3 (kant2uor0s) {P (Eap) +E [6722} P (E)}
e~ 31ACE [6_22}

o~ 3 (hoD+240505) {]p (Ecp) +E {e’%z} P (%)}

>

: 3 Sz (24)
e 3MBDIE {e‘§ }
o {PEa) + B3P (E05)} {P €cr) + B[] P (Ecn)
(]E [e‘%ZD
_ P (Eap) P (&) | x W—i—]}” SD] (25)
{6_32} ( ) E {e—gz} ( ¢ )

where in (a), we have used the fact that pap+ tiop + 210,05 + 21tones = hac + BD

and in the last step we divide each term in the numerator by E {e‘gz }
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(a) Case (a) (b) Case (b)

Fig. 2: Pictures showing the random variables and internal nodes used in Proof

of Theorem 3

Next, observe that Z stochastically dominates the random variable /i, Z, where

7 ~ Exp(1). Therefore, we have

8 8 74 1
E |57 <E|esM7| = g—. 26
) <p et - L ee
Substituting this in (25) gives us
E [6_%5A3i| E [6_%5CD:| ] 8
> [3,ULP (Eap) + 1} X {BML]P) (Ecp) +1 (27)

E [~ Brc| B [T
Finally, we observe that the probability that the event £45 occurs is given by
1 — e~ 713, where 7,,,, is the length of the path (01, 03) in the species tree; this
follows from the memoryless property of the exponential distribution. Since
Toros > f, we have that P(E4p) > 1 — e/, and similarly P (Ecp) > 1 — e/,

Substituting this in (27), we get the following lower bound

E [e=5%48] E [e~ 300 [8
>

E {e*§5Ac} E {efgaBD] gHL (1 —e’ ) + 1} (28)

Next, we consider Case (b).

Case (b) : (((A, B),(C), D) Here, we will write 0, 09, 03 to denote the most recent

common ancestors of (A, B), (A,C) and (A, D) respectively. Again we will use

notation from the previous case for random variables of the form Zyy, X, Y € L.
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In this case, we let £45 denote the event that the lineages corresponding to A
and B coalesce in the branch (o1, 0,) in Figure 2b. Again, from the memoryless
property, it can be seen that the random variable Zsp5 — 40,0, conditioned on
&5 and the random variable Z 4 have the same distribution; we let Z; denote
a random variable with this common distribution. Similarly Zop and Zgp
have the same distribution and we let Z, denote a random variable with this
distribution.

Reasoning as before, we see that since dap = ptap + 2245,

B [eto] b o e ) B[] ()
%) o~ 3HAB {e—guolozp(gAB) N LT {e—gﬂ P (@)}
= ¢ 3 lmart2002) [P (£4) + E [e32| P (£45) } | (29)
where, as before, (a) follows from the fact that conditioned on Eaz, Zag < flo,0,

and that conditioned on £45, Z4xg 4 Z1 + lto,0,- On the other hand, we have

E {e_%éw} = ¢ 30D, [6—222} (30)
E {e’%‘”‘c} = ¢ 3MACE [e’gzl} (31)
E [e_%‘;BD] — ¢ 3HBDIR [6—222} . (32)

Therefore, from (29)-(32), we have that

E [e~3%8| K [e~3%D By - . -
" hg%c% B héém% >e 3 (MAB+HCD+2M0102 HAC MBD) (wp (gAB) + P (&43))
P& .
- E[Lmj} +P|Eas) (33)

where the second step follows from the fact that pag+pcp+240,0, = ftac+psn-
Finally, as in case (a), we use the bounds E {e%zl] < +1— and that P[4p] >
3

pr+1
1 — e~/ to get the following lower bound.

E [e_%‘SAB} E {6_%5017}
E {e_%‘sf‘c} E [e_%‘SBD}

> Spp(l-e ) +1 (34)
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Since (% pr(l—e 1)+ 1) > 1, from (28) and (34), we have that for any 4 leaves
A, B,C, D such that the species tree S restricted to these four leaves satisfies
either ((A, B), (C, D)) or (((4, B),C), D), then

~304B —36cp

e RN
Substituting this lower bound in (20), we get the result that for any 4 leaves
A,B,C,D € L that are such that ((4, B), (C, D)) or (((A, B),C, D)) holds with
respect to S, we have that dac + dpp > dap + dep + Qadd, Where auaq =
3log (%uL(l —e )+ 1).

To conclude the proof, we will next establish the “equality part” of the
theorem. As in (20), notice that the following holds.

3 E {e*%‘;w} E [6’3530}
dac +dpp — dap — dpc = Z log (E {6_%5‘40} E [6_%6317} ) : (36)

Again, we will divide this proof into two cases as above.
Case (a): ((4, B), (C, D)) Observe that the following hold with pyy and Z as
defined before (cf. Fig 2a)

d0ap = pap + 22, Opc = ppc + 27,

dac = pac +2Z, dpp = ppp + 22

Substituting these in (36) and observing that pap + pipc = pac + psp tells us
that dsc + dgp = dap + dpc in case (a).

Case (b): (((A, B),C), D) In this case, observe that the following hold again with
puxy and Z; and Z, as defined earlier (cf. Fig 2(b)):

dap = pap + 223, dpc = ppc + 22,
dac = pac +2Zy, Opp = ppp + 22
Again, substituting these in (36) and observing that pap + ppc = pac + o

tells us that duc +dpp = dap+dpc in case (b) as well. This concludes the proof.

0]
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5.4 Proof of Theorem 4

We will now prove the last main result in our paper that shows that Theorem 3
can be used to design a tree reconstruction algorithm when one only has
access to molecular data and also provides sample complexity results for this
algorithm. Recall that we propose the following measure of dissimilarity from

the samples

~ 3 4
dap = 1 log <1 - 3PAB) . (37)

where pap is as defined in (4).

In light of Theorem 3, we proposed the following tree reconstruction proce-
dure, which we call METAL: use any distance algorithm (like Neighbor Joining
[24]) which returns an additive tree using {d4p} 4 pes as the dissimilarity mea-

sure. We then have the following result.

Theorem 4. For any € > 0, the METAL algorithm succeeds in reconstructing (the

unrooted version of) S with probability at least 1 — ¢ as long as m and k satisfy

Suy A 2 2 16 n

24 4+ 8ay,

k>1land m > S (8“”3)2( +8aa)) 16(3) (38)
162a 44 €

where @44 = 3 log (%uL(l —e )+ 1).
In the limit as f — 0, the right side above approaches

8¢5 (Spy + 3)?2 log (16(§)>
€

I

Copwr, pir, A,n, €) x f~2, where Co(uy, pur, A, n, €) =

Proof: Notice that the above algorithm makes an error only if there exists
a set of four leaves A, B,C, D such that 7y + 7cp < Tac + T8p = Tap + TBC, but

the 4-point condition is not satisfied by d, that is:
d\AB‘i‘d\CD_C/[AC_d\BD >0 or C,l\AB—FC/l\CD—Cz\AD—JBC > ()

Therefore, using the union bound, the probability of error can be upper bounded
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as follows:

P(EI‘I‘OI‘) < Z P[CZAB—FCZCD—CZAC_CZBD > 0}
A,B,C,DEL:
TAB+TCcD<TAC+TBD=TAD+TBC
+P [CZAB + CZCD — CZAD — CZBC > 0}
(39)
We will bound the first term inside the summation of (39) and the second one
will follow similarly. Setting c,qq = 2 log (%uL(l —e )+ 1), observe that for a
quadruple of leaves A, B,C, D such that 7ap + 7¢p < Tac + Tep = Tap + TaC,

we have
P [EAB +dop — dac —dpp > 0}
=P [C?AB —dap +dep —dop — dac + dac — dpp + dpp
> dac +dpp — dap — dCD]

<P

dap — dap + dep — dep — dac + dac — dpp + dpp > Oéadd] ;

where the second inequality follows from Theorem 3 which says that dac +

dpp — dap — dcp > aaqq. We will again use the union bound to get
P|dap + dep — dac — dpp > 0}

< P[JAB —dap + CiCD —dep — d\AC +dac — CZ\BD +dpp > Oéadd‘|

< P {C/Z\AB — dAB > O[de} + P {Czop — dC’D > Oézdd}

+P dgp — JBD >

dac — gAC > O[de} +P

aadd] . (40)

To proceed, we will focus our attention on the first term in (40). The remaining
terms will follow similarly. For notational clarity, let us define the function
((z) £ —2log (1 - %x) and let p{}); denote the random quantity (1 - eg‘sﬂf) =
! (6&%), where, as usual, 5%9 is the distances between A and B on the random
gene tree G () drawn according to the MSC. Now, observe that, by definition,
dap and dap are equal to ((pap) and ((E [pap]) respectively.
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Our strategy will be to first show that with high probability p4p is close to
Lym p%% which is in turn close to E [pap]. We will then use the fact that ¢(z)
is a well-behaved function to obtain an upper bound on the the first term of
(40).

Conditioned on a particular realization of the MSC process {6%3}%[7”}, let
&1(§) and & (&) denote the events that % > ilm] pfjg —Ep AB‘ > ¢ and
‘% > ic[m] p%)]} — ﬁAB‘ > ¢, respectively. Now, notice we can bound the first term

in (40) as follows.

P

gAB — dAB > Oézdd] =P

Hpas) — UEpas) > ]

a N N (6 7%
DE|P [¢(Pan) — (EDan) > “2

<E|P

Upan) — UEpan) > “\ (63} aer &ter|]

= [P ({5 o )] #2 [P (0]{#h) )

(41)

where in (a) we condition on {5%}3}, a particular realization of the MSC. In (b)

we use the following fact: for any three events &,, &, &, the following inequality
holds

P(E,) = P(E,|E U ENP (& U E,) + P(E,EF N ESP (EF N EY)
<P(&UE) 4+ P(E|EENEY)
<P (&) +P(E) +P(EJEENES),

where we identify &,,&, and &, with the events dap — dap > 22ad £(¢), and
&>(&) respectively. Our goal now is to pick a value of £ so that the first term in
(41) is 0. Towards this end, we will use the following result that we prove in

Section 5.5.

Claim 1. For any & > 0, conditioned on a particular realization {(59 } ] of the
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MSC process, and the events £,(£)° and E;(€)¢, the following inequality holds

A ) 2%
[€(Pan) = UEPaB)| < a5 (42)
%,U«U+1 3

Now, Claim 1 tells us that if we make the following choice for &

_4
Oavyqqe” 3H0 A

(=6 = (24 + aqa) (Buy +3)’ 43
then conditioned on the events & (&) and &»(&y)¢, we have that
((paB) — {(Epap) < azdd
Therefore, we have
Pt(pan) — ((Bpam) > o} L) 6] =0 @)

Using this in (41), we have

P

Dap — dap > “jjd} <E [P (&(@)

{5%3}1,6[”1})] +E {P (52(50) {5533}1.6[7”])]

< e P 4 2D (45)

where the second inequality comes from applying Hoeffding’s inequality to
each term, as in (17) and (18). Since this upper bound is independent of the

choice of the pair of leaves, we can use (45) and (40) in (39) to get

P [Error] < > 8 (e‘meg - 6_2’”"353)
A,B,C,DEL:
TAB+TeD<TAC+TBD=TAD+TBC
<s(}) (). ae

Now, if we pick m and k as in (38) (also (9)), we see that the right side above is
less than ¢, which concludes the proof. The limit as f — 0 can also be readily

computed by observing that c,qq — 2 f as f — 0. O
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5.5 Proof of Claim 1

We will begin by using the fact that ¢(x) satisfies the following Lipschitz prop-
erty: for any 0 <z <y < B, we have

Uy) —l(x) = —i log <1 - §y> + ilog (1 - §x>
Yy
-2

= 1o
1-3B

(47)

From this, we have that

( Z pAB) — L (E[pas])| <

[m]

3
1— 2 (E[pap] + &)’

conditioned on & (),

(48)
where we have chosen the B (of (47)) to be E [pagp| + &, since conditioned on

&1(§), we have that
1 & .
> tin <Elpas] + € (49)

i=1

Similarly, conditioned on & (£)¢ and &;(§)¢, we have

( (; > pﬁig) ~ (5an)

1€[m]

£
1= 4 (L Siep Pl + )
£

IA

<

[= T (E [pag] + 20 ©0)

where in the first inequality we have chosen B (of (47)) to be % > icim] pfjg +&,
since conditioned on & ()¢, we have that pap < % > iclm] pfj}3+§, and the second
inequality follows from (49). Therefore from (48) and (50), we have that the
following inequality holds conditioned on &;(£)¢ and & (&)

0 (Tln > pfﬁg) — (L (E[pas]) ( >l ) —{(Pas)

i€[m)] 1€[m]
<=
1 — 3 (E[pas] + 2¢)

Finally, to conclude the proof of the claim, we bound E[p4z| using the prop-

[U(Pas) — U(E [pas])| < +

(51)

erties of the multispecies coalescent. Notice that, by definition, the random
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distance 45 is equal to pap + 2Z45, where psp and Z,p are as defined in

Section 5.3. Therefore,

E[pap]l = E [3(1 - e_g(SAB)}
=2 (1 - e hmarg [o37e)) (52)

Next, we observe that the random variable Z,5 is stochastically dominated by

the random variable iy Z, where Z ~ Exp(1). This implies that

E [e_ng“ﬂ >E [e‘ng}

B 1
Shu+1
Using this and the fact that p45 < pyA in (52), we have
3 e~ 5HUA
Elpapl <1 - o
Pas] < 4 S +1

Substituting this in (51) concludes the proof.
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